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1. INTRODUCTION 
One of the most fruitful methods for studying finite simple groups has 
been to study the possible structure of the normalizer of an involution. Our 
purpose in this paper is, instead, to obtain some information about simple 
groups by imposing some conditions on the normalizer of an element of odd 
prime order. Thwaites [7] recently obtained such a result: if G has a maximal 
subgroup isomorphic to A, x Zs , then G is not simple. Our results will be 
of this nature (with slightly weaker hypotheses), and the proof of Theorem 1 
is in large part an abstraction of the method used by Thwaites. 
Along the line of the result mentioned above we shall prove: 
THEOREM 3. Let G be a jinite group, and let X be a subgroup of order p 
where p is an odd prime. If No(X) = H x X, where H = L,(p), A, or S, , 
p<n<2p-1,thenGisnotsimple. 
Except for the cases p = 5 and H = A, or A,, Theorem 3 follows 
directly from Theorems 1 and 2, and Corollary 1. 
THEOREM 1. Let G be a finite group, and let X be a subgroup of order p 
where p is an odd prime. Assume Co(X) = H x X where H satisjes the 
following conditions: 
(i) IHI =ph,where(p,h)=l;and 
(ii) sf Y is a Sylow p-subgroup of H, then C,(Y) has no non-trivial 
automorphisms of p-power order. 
If G is simple, then XY is a Sylow p-subgroup of G. 
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THEOREM 2. Let G be a finite group which satisfies the follow@ conditions: 
(i) for some odd prime p, a Sylow p-subgroup P of G is elementary 
abelian of order pa; 
(ii) P has a subgroup X of order p such that No(X) = H x X; 
(iii) ;f Y is a Sylow p-subgroup of H, then NH(Y) > C,(Y). 
If G is simple, then No(P)/Co(P) is a Frobeniusgroup F such that: 
(a) the complement of F is a cyclic group of order two or four and is 
isomorphic to NH( Y)/C,( Y); 
(b) the kernel of F is a cyclic group of odd order dividing p - 1 or p + 1. 
It is clear that (b) implies the following results: 
COROLLARY 1. Let p = 5 in Theorem 2. If G is simple, then Nu( Y)/C,( Y) 
has order two, and No(P)/&(P) w S, . 
COROLLARY 2. Let G be a Jinite group and X a subgroup of order three. If 
No(X) = H x X, where H satisjes (i) and (ii) of Theorem 1, then G is not 
simple. 
There are of course many other candidates for H, given p, which can be 
ruled out if G is to be simple. We shall make no attempt to list them. 
In the next section we fix some notation. The following section is devoted 
to a proof of Theorem 1. In the fourth section we prove Theorem 2. Finally 
the last four sections are devoted to a proof of Theorem 3 for the exceptional 
cases mentioned above: p = 5 and H = A, or A, . 
2. NOTATION 
In general our notation is standard. However, the following symbols 
will have their given meaning throughout the paper: 
X = (x) is a subgroup of order p of G, p an odd prime. 
M=C,(X)=HxX,whereIHI =ph,(p,h)=l. 
Y = (y) is a Sylow p-subgroup of H. 
C,(Y) = A x Y. 
N,(Y) = B. 
P=XY. 
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3. THE PROOF OF THEOREM 1 
Throughout this section Q will denote a p-subgroup of G containing P. 
(3.1) If Q > P, thenQ is ap-group of maximal class, xo = xQ', Z(Q) < P 
and Q’ = +(Q). 
Since Q > P, we have Co(X) = P. Th is implies Q is a p-group of maximal 
class [5, p. 3751, and the other assertions now follow. 
(3.2) A centralizes Q. 
If Q = P, this is obvious. We proceed by induction on 1 Q : P /, and can 
assume Q > P. Let R be a subgroup of index p in Q containing P. By the 
induction hypothesis A < C,(R); and, since C,(R) < CG(P) = AP, we 
see that A is a characteristic subgroup of C,(R). Thus Q normalizes A, and 
therefore centralizes A since H satisfies (ii). 
(3.3) Let the order of a Sylowp-subgroup of G bep2+c, c 3 0. For each a, 
a < c, there is a unique subgroup Qa of G containing P and having order 
P~+~. If c > 0, then Z(QJ = Z(Q1) for all a 3 1. 
If c = 0, or a = 0, the result is obvious. Hence we can assume c > 0. 
Let R be a Sylow p-subgroup of N = N,(P). Since c > 0, R > P and 
hence R is of maximal class. This implies j R : P 1 = p. If R is not normal in 
N, let R = RI , R, ,..., R, be the distinct Sylow subgroups of N. Of course 
n 3 p + 1. Let Yi = Z(R& then Yi is a subgroup of P for each i, and 
XRi = xYa . A simple counting argument shows that at least two of the Yi are 
the same, say Yr = Yz . We can choose wt in Ri , i = 1, 2, so that 
Ri = (x, pi> and 
w;h!ul = w;1xw2. 
This implies w2w;l is in M, and since each wi centralizes Yr , we see wzw;l 
is in AP. (3.2) then implies wa is in RI which is a contradiction. Hence R is 
a normal subgroup of N, and we have shown the first assertion of (3.3) for 
a = 1. 
The second assertion of (3.3) now follows easily; and the rest follows by 
induction on a, the argument being essentially the same as in the case a = 1. 
(3.4) B normalizes Q. for 0 < a < c. 
This is obvious for a = 0. Since Q1 Q N,(P), we see B normalizes Qr . 
Proceeding in this fashion, we obtain the result. 
(3.5) If Q is the unique Sylow p-subgroup of G containing P, then 
NC(Q) > BQ. 
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Let h be the transfer of G into Q/Q’. Then 
h(x) = fi (qxz;‘) Q’, 
i=l 
where Qzr ,..., Qzr are the cosets of Q in G fixed by x. Thus (r, p) = 1. 
If Q = P and N,(P) = BP, then [2, Theorem 7.4.41 implies G is not 
simple. Hence we can assume Q > P. 
Clearly zixz$l = xi lies in Q - Q’. Let Y1 = Z(Q), then setting Xi = xi, 
we have 
(X,Yl)“i = XY,zi. 
Since XiY, is abelian, there is a Sylow subgroup Ys of H such that 
XY,zi = XY, . 
For some v in H we have Yzv = Y, and so 
(xiYly = P. 
Now Q is the unique Sylow subgroup of G containing either P or XiY, , 
hence ziv lies in No(Q). 
Now assume No(Q) = BQ; then, since xiv is in BQ, we have xiQ = xQ 
for each i. Thus h(x) = xrQ’ # Q’, which implies G is not simple. This 
contradiction proves (3.5). 
Let Q be the unique Sylow subgroup of G containing P, and assume Q > P. 
Let W = (w) = Z(Q) < P. 
We represent G as a permutation group on the right cosets of M in G, 
and let h denote the character of this representation. Then X(w) is the number 
of conjugates of X that are centralized by W. Since Q > P, X has 1 Q : P 1 = pc 
conjugates in Q; thus 
JP4 = P? C : Nc(Q)I, 
where C = C,(W). Let K = NG(W), then clearly N&Q) =Nc(Q). Setting 
this last group equal to N, we have 
h(w) = pc [ K : N I. 
Let WI < M, and assume WI is conjugate to W in G. We set Yi = 
H n XW,; clearly Y = H n XW. There is an element v in H such that 
Yl = YQ, hence 
XVYV = xwu = XY, = xw, . 
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If Qi is the unique Sylow subgroup containing XW, , then Q = Q1. It 
follows that WV = WI, i.e., W is conjugate to WI in M. Applying [8, p. 63 
we conclude that K is transitive on the cosets of M that are fixed by W. 
Clearly M is one of these cosets, and the subgroup of K fixing M is BX. 
Thus 
X(w) = 1 K:BXI. 
Our two expressions for X(w) show 
Since this contradicts (3.5), we see Q = P. This completes the proof of 
Theorem 1. 
At this point we note that the only place where we have used (ii) is in the 
proof of (3.2). Th us much of this section, in particular (3.5), holds for the 
situation described in Theorem 2. 
4. THE PROOF OF THEOREM 2 
Let N = N,(P). From the previous section we know C,(P) = AP, thus 
N/AP = K is isomorphic to a subgroup of GL,(p). Since x is conjugate to 
none of its powers, K contains no scalar matrices, and hence K is isomorphic 
to a subgroup R of PGL,(p). 
(4.1) If Bi is a subgroup of B and B, > AY, then N,(B,X) = BX. 
We first note that since B/AY is a cyclic group, B, d B, and BX normalizes 
B,X. Now X is a Sylow p-subgroup of the center of B,X, and hence X is 
normal in N,(B,X). Thus this last group lies in M n N = BX. This 
proves (4.1). 
It follows easily from (4.1) and (3.5) that K and hence R is a Frobenius 
group with complement BX/AP. Let L = R n L,(p). Then either L is a 
Frobenius group itself or L is the kernel of R. 
If K contains a four-group, then --I must lie in K, which is false. 
The structures of PGL,(p) and L,(p) now show that K has a kernel of odd 
order a where a divides either p - 1 or p + 1, and that BXIAP M B/AY is 
cyclic of order two or four. This proves Theorem 2. 
The two corollaries follow directly from (b) and the orders of GLa(5) and 
GL,(3). 
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5. THE &SE p = 5 OF THEOREM 3 
The rest of this paper is devoted to proving Theorem 3 when p = 5 and 
H = A, or A, . The proof will be by contradiction, and we shall treat both 
possibilities for H simultaneously. Hence we assume G is a simple group, X 
has order five, and M = H x X, where His either A, or A, . 
For the information we shall use about the characters of H, we refer the 
reader to [6]. 
The principal 5-block of H contains four characters: yr , the l-character of 
H; ~2; and a pair of 5-conjugate characters y3 and y4 . We have 
~~(1) = 01 = 4 (mod 5) and ya(1) = /3 = 3 (mod 5), 
where OL - /3 = 1. If ys ,..., y,. are the remaining characters of H, then each 
has degree divisible by five. 
Let 7 be a primitive 5-th root of unity, and let 7r ,..., 76 be the irreducible 
characters of X where 7r is the l-character, and 
7&c) = 72-, 2<i<5. 
Every irreducible character of M is of the form ~~77~ , and we order them as 
follows: 
YiYib = ?%(i-ti+i Y 1 <i<r, 1 <j<5. 
A well-known result of Brauer and Nesbitt [l] shows M has one 5-block of 
defect two-the principal block-and it consists of the characters vr , 
9J2 ****> ?Jzo * 
Let m be the exponent of G. Theorem 1 implies m = 5n, where (5, n) = 1. 
If 6 is a primitive n-th root of unity, then every character of G, M or H takes 
its value in Q(&). Thus the Galois group of Q&)/Q acts as a permutation 
group on the sets of characters of these groups. In particular if a is the auto- 
morphism defined by 
&J = 6 and 70 = 72 
then the orbits of the principal 5-block of Munder u are (pzl}, (P)~ , vS , q+ , cps}, 
b?&b, 3 9’8 9 TQ 3 P1o>>h'1l~~b?'1a~~b'12 9 9'~ > '?%a 9 'Pzohand~~7 3 P13 2 %Q ,9'1& 
Let 
rad(X) = {w E M 1 XC (w)). 
We are going to apply the theory of exceptional characters to the class 
functions of M which vanish off rad(X). The general facts which we shall 
need can be found in [2] or [4], and so we shall not state them explicitly 
except for the following result: 
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(5.1) Let c,, c, ,... be the classes which make up rad(X), and let 
4 , x, ,**- be a basis for the class functions on M which vanish off rad(X). If 
hi = C aij’pj , then there are uniquely determined numbers cjk such that 
Furthermore, if 
94%> = 1 cikaki > Wj E Cj * 
Ai’ = C biixj 3 
where xi, xz ,... are the irreducible characters of G, then 
Xi(Wj) = cCjkhi * 
A proof of this may be found in [4]. 
The proof of the following result is straightforward, and so we omit it. 
(5.2) A basis for the class functions on M vanishing off rad(X) is given by 
4 = 943+i - P)6 + Tl+i - 739 
h4,i = %l+i+ Pl6+i - Vll - 936 - fi+i + 939 
/\jk = P)LG'-l)+k - 9)6(j-l)+l 2 
where1 <i<4,5,<j<rand2<k<5. 
Later we shall need to know some of the cjk mentioned in (5.1). In particular 
we shall need the following whose proofs are obvious: 
(5.3) Let C, be the class of x, then (cl1 , era ,..., crs) = (017, 019, 0r7~, 
a@, 87, P?, BT”, V). 
(5.4) Let u be an element of H chosen as follows: if H = A, , then u has 
order three; if H = A,, then u has order two. Let Ca be the class of UX. In 
either case ya and y4 vanish on u, and hence 
(c21 ,*-*, &) = (7, T2, T4, T3, 0, 0, 0, 0). 
(5.5) Let e, be an element of H chosen as follows: if H = A, , then er has 
order two; if H = A,, then w has order three. Let C, be the class of cx. In 
either case ya vanishes on p, and hence 
(c31 ,***9 +,) = (0, 0, 0, 0, -7, -T2, -T4, -T”). 
6. THE EXCEPTIONAL CHARACTERS OF G 
Let 
hiG = /A$ and /\i”k = /hjk . 
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Since we shall be using exceptional character theory there will be a certain 
sign ambiguity, i.e., when we say that x is a character of G we really mean that 
either x or -x is an irreducible character of G (except, of course, when 
x = x1 , the l-character of G). From (5.2) we obtain the following ortho- 
gonality relations: 
(6.1) (pi, ,4 = W + %A, 1 <i,j<4. 
(Pi, Pd = 3u + Sd, 5 < i,j < 8. 
(Pi , CLi) = -41 + &J-i), 1<1<4, 5<j<8. 
(Pi, Xl> = -1, 1 <i<4. 
(&,X1) = 1, 5<i,<8. 
(Pi 9 IljR) = 0. 
Furthermore if u is as in the previous section we have 
(6.2) u cyclically permutes around each of the two sets {pr , p2 , ps , c~q} 
and b6 2 p6 ) /+ 9 p6h 
Our goal now is to find out what the form of the pLi is. We first show 
(6.3) There exist characters ,Q , xa ,..., x1,, of G such that pi , 1 < i < 4, 
can be obtained from Xi by replacing p?i , 1 < j < 10, by xJ . 
Since x1 occurs with multiplicity -1 in each of the four pI , we see that 
they are each the sum of four distinct characters each occurring with multi- 
plicity 1 or -1. 
Assume that, if x occurs in pr , x # x1 , then ~0 # x. If 02 fixes all the 
characters which occur in h , then p1 = t~s . Hence some character, say x2 , 
has four distinct conjugates under u. Let these be xi , 2 < i < 5, and let 
PI = -XI + w2 + ax + bx’. 
If u2 fixes both x and x’, then (pr , ,~a) = 3 which is false. Assume us fixes 
neither of these characters, then, since (k , & = 2, we can assume X’ = ~0 
and a = b, or x = x3 and a = l a . In either case we obtain a contradiction of 
(pr , pa) = 2. Thus u2 fixes exactly one of x and x’, and we can assume it is x. 
Let x = x6 and x0 = x, . Then 
CL2 = -xl + czxa + ax7 + bx”. 
In order for (pr , p2) = 2, we must have x” = x2 and b = ~a. Thus 
PI = -XI + 62(x2 + x6) + ax6 , 
and the other pi are obtained by applying the powers of u. 
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Let 
CL5 = Xl + i &Xi +P5" 
i=2 
Using the values of (pI, cog), 1 < i < 4, given in (6.1), we obtain 
2a(S, - 6,) = -1, 
which is insoluble in integers. 
The contradiction we have just derived shows some x, x # x1, which 
occurs in p1 is fixed by IJ. Let us denote this character by xs . As above let x2 
be a character which occurs in pr , and has distinct conjugates x3 , x4, and 
xs under 0. Let x be the fourth character which occurs in p1 . Then (6.1) 
implies ~0 is distinct from x as well as the conjugates of x2 . Let x7 = x, and 
let xs = x0. Then (6.1) implies xsO # x7 , and this yields the desired result. 
We turn now to ps ,..., ps . We see easily that the multiplicity of any 
character which occurs in ps is & 1. Let 
CL5 = x1+ g EiXi + t%'* 
i=2 
Then the values of (pi , &, 1 < i < 4, yield 
(6.4) Es + E3 = Eg + E4 = $0 + E5 = E, + 9 + 1 = Es . 
Assume l s # 0. Then exactly one of each pair of characters xc, x~+~, 
i = 3, 4, 5, occurs in t+,; and its multiplicity is qr . 
If es = - 1, then (6.4) implies 
9 = E, = -1. 
But it follows from this that at least seven distinct characters occur in ~1s , 
which is impossible. 
Assume l a = 1. The argument just given shows 
l 2 = ET = 0. 
This yields the following possibility for ps: 
(1) P5 = x1+ x3 + x4 + X6 + Xl0 + x11, 
where ,yyl = xl2 and xy2 = xl1 . 
Now assume 6s = 0. Arguments similar to those used in proving (6.3) 
together with (6.4) show there are two other possible forms for ps: 
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(11) P5 = Xl - x2 - X6 + Xl0 + x11 + Xl3 7 
where xh = x12 2 xY2 = xl1 and x;s = x13 - 
(III) CL5 = Xl - x2 + Ps', 
where (p5’, xi) = 0 for 3 < i < 10. 
In the next section we shall show that (I) and (II) cannot occur. In prepara- 
tion for this result we note the following consequences of (5.2) through (5.5). 
(6.5) Assume case (I) holds. The values of xa , xs , x, , and xrr on X, UX, 
and VX, respectively, are: 
017 + j?T” + 873, 1, 017 + pr2, /IT + f9r4; 
T> 1, 730; 
-74 - 73, 1, --72, --7 - 74. 
(6.6) Assume case (II) holds. The values of xs , xs , x, , xl1 , and xl3 on X, 
UX, and zix, respectively, are: 
Finally, we shall need the following observations. [l] implies that G has 
one block of defect two-the principal block. A result of Wong [9, Theorem I] 
coupled with a result of Gorenstein and Walter [3, Prop. 251, show that all 
the characters of G which occur in k ,..., ps belong to the principal block 
of G, and none of the characters which occur in the pjk do. Since a character 
of G which occurs in none of the pi or the pjk must vanish on x, we see that the 
principal 5-block of G consists of exactly those characters which occur in 
PI ,*.*, ps - 
7. THE ELIMINATION OF CASES (I) AND (II) 
Our goal in this section is to show 
(7.1) Neither case (I) nor case (II) of the previous section can hold. 
We shall show this by applying exceptional character theory to the subset 
rad(Y) of N = N,(Y). Let C = C,(Y). Since C n N,(P) = P, a well-known 
theorem of Bumside implies 
(7.2) C = Y x KX, where KX is a Frobenius group with kernel K and 
complement X. 
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Since P is abelian, N = (t, C}, where t is an involution of H which nor- 
malizes Y. The principal 5-block of N is the only 5-block of defect two, and it 
consists precisely of those characters of N which have K in their kernel. 
These will be the only characters of N which will concern us, and for our 
purposes we can identify N/K with (t, P). 
The group <t, P) of order fifty has ten characters fi ,..., fro of degree one, 
and ten characters fir ,..., fro of degree two. We order these as follows: 
fi is the l-character. 
fi has kernel (t, Y) and f2(x) = 7’. 
f3 , f4 , and f5 are the conjugates of fi under u. 
fs has kernel P, and fa(t) = -1. 
fe+i = fsfi+i for i = 1,2,3,4. 
fil has kernel X, fil(t) = 0, and fil(y) = 7 + TV. 
fiS =fi”1 * 
fu+i = filfi+~ andf,+i = fiafi+i for i = 1,2,3,4. 
The proof of the following result is straightforward and so we omit it. 
(7.3) A basis for those class functions on N which vanish off rad(Y), and 
which are combinations of the characters in the principal 5-block of N, is 
given by 
g1 = tglfi - 2 fi 9 
i=ll 
and 
g, = g,” = 2 fi - 5 f$ . 
i-l id6 
Let hi = giG. Then the above-mentioned results in [9] and [3] show that 
the hi are linear combinations of the characters in the principal 5-block of C. 
Now assume case (I) or case (II) holds, then we have 
h, = f aixi , 
i-l 
where a, = 1, and where aI, = 0 in case (II). Furthermore 
(4 , 4) = 15 and (hl , h,) = 10. (1) 
Since h, is fixed by u2, we also have 
a2 = a4 , a, = a,, a7 = a9 , and a, = a,, . (2) 
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Finally, since /zl must vanish on ux, (6.5), (6.6), and (2) yield 
1 + a, = a2 + a, = a, + a, . (3) 
Assume case (I) holds. Since h, vanishes on VX, (6.5) implies 
-a,, = 2 + a2 + 2a, and -a,, = 2 + a, + 2a, . (4) 
h, must also vanish on x. Using (6.5), (3), and (4) we find then that aa = -1. 
Thus (3), (4), (2), and (1) yield 
which is absurd. 
5(a,2 + as”) = 13, 
Assume case (II) holds. A similar argument to that above leads to the 
following relations: 
a2 =a, = 1 +a,; a, = a, = 0; and a,, = a,, = 1 + 2a, - a,, . 
Substituting these relations into (1) we obtain 
which is absurd. 
(4 3 4 = (4 9 h2), 
These contradictions complete the proof of (7.1). 
8. THE PROOF OF THEOREM 3 
We shall now complete the proof of Theorem 3. As we have seen in the 
previous section, we can assume 
P5 = Xl - x2 + P5’, 
where (p5’, xi) = 0 for 3 < i < 10. From (5.1) and (5.3) we see that xz is 
the only character of G which takes either of the values -& on x. For the 
remainder of this section we shall write x for x2 . 
The previous paragraph shows that any automorphism of Q&)/Q which 
fixes 7 must also fix X. Thus x is rational on any element of G which has order 
prime to five, and 
X 2 zx x. 
Let w be any element of G, and define 
P(W) = xwrxw - XWL 
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Then 
zGp(w) = 1 G 1 3 0 (mod 25). 
We shall obtain a contradiction of this last equation. 
First we note that, if w has order prime to five, or if w is conjugate to a 
power of y, then p(w) = 0. 
Next we note the following elementary fact: 
(8.1) Let w be an element of Z[T], and let t be the trace function from 
Q(T) to Q. If 
4 




t(wtT - wz) = 5[(a, - a$ + (a2 - aJ2]. 
D = rad(X) - X# and E = rad(Y) - Y#. 
Since N,(P) = PS, , every element of order five in G is conjugate to a power 
of x or a power of y. Hence every 5-singular element of order greater than five 
is conjugate to an element in D or in E. 
From (7.2) we see that every element of E has five distinct conjugates under 
X, and no element of E is conjugate to a power of itself under X. Since E is 
disjoint from its conjugates, (8.1) now shows 
wFtip(w) z 0 (mod25). 
Since Y is self-centralizing in H, a similar argument shows 
wgG~(~) = 0 (mod 25). 
Putting the above remarks together, we have, modulo 25, 
0 = c p(w) 3 c p(w) = 5 1 G: M [. 
VEG wowW 
But 1 G : M 1 is prime to five, and so we have our desired contradiction. This 
completes the proof of Theorem 3. 
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